Superconducting cosmic strings (SCSs) have received revived interests recently. In this paper we treat closed SCSs as oriented knotted line defects, and concentrate on their topology by studying the Hopf topological invariant. This invariant is an Abelian Chern-Simons action, from which the HOMFLYPT knot polynomial can be constructed. It is shown that the two independent parameters of the polynomial correspond to the writhe and twist contributions, separately. This new method is topologically stronger than the traditional (self-) linking number method which fails to detect essential topology of knots sometimes, shedding new light upon the study of physical intercommunications of superconducting cosmic strings as a complex system.
Cosmic strings are thought to be created as one-dimensional topological defects from symmetry breaking phase transition in the early universe from the field theoretical point of view [1] . String theory provides them another formation machinery that they may arise from brane inflation scenarios [2] (such as D-and F-strings [3] ) which are able to avoid two main unpleasant prospects, high string tension and dilution after inflation. See [4] for a review.
In 1985 Witten proposed a model of superconducting cosmic strings (SCSs) [5] . It contains two complex scalar fields and two vector fields, producing cosmic strings under a symmetry-breaking mechanism U (1) ⊗ U (1) → U (1). Massless charges condensate and distribute in the vicinity of string core, thus cosmic strings behave in a superconducting wire manner. These strings' motion is expected to give rise to bosonic or fermionic currents within cosmic magnetic plasma or a primordial magnet field, leading to a theory that SCS radiation may cause cosmic gamma burst rays [6] . In recent years SCSs have received renewed interests. Researches suggest that radiation of SCS cusps could be responsible for the gamma burst [7, 8, 9] , and SCSs are able to arouse CMB spectral distortion [10] although they have only a small percentage in thermal fluctuation [11, 12] . Topology of SCSs is closely related to their energy and other dynamical properties, especially in the study of physical intercommunications of strings. A mechanism is discovered that the collapse of a knotted structure (texture) distributed in a spherical region produces a metric perturbation, which could lead to hot and cold spots in cosmic microwave background [13, 14] .
In this paper we focus on the topology of SCSs, by regarding them as oriented knots and studying their Hopf mapping degree. The Hopf degree is a topological invariant of the abelian Chern-Simons type, based on which the HOMFLYPT polynomial knot invariant can be successfully constructed [15, 16] . The HOMFLYPT is a two-parameter topological invariant more powerful than the tool of traditional (self-)linking numbers which sometimes fail to detect essential topology of knots. Hopefully our new method will find important applications in classification of complex tangles of SCSs as well as physical reconnection processes during evolutions of the strings.
The paper is arranged as follows. In Section 2, the SCS model is presented which generates bosonic currents and one-dimensional string configurations. In Section 3, the Hopf mapping degree as a ChernSimons type action is introduced for the purpose of investigating the knotted string structures. We will show that the traditional (self-)linking numbers stemming from this Hopf invariant are weak in detecting topology of oriented knotted comic strings. In Section 4, we will derive from the Hopf invariant the skein relations of the Kauffman R-knot polynomial, showing that the two independent parameters of the R-polynomial originate from the individual contributions of writhe and twist of the strings. Then, the two-variable HOMFLYPT knot polynomial can be subsequently constructed from the R-polynomial. In Section 5, some typical examples are provided for reader's convenience, and conclusion and discussion are finally presented in Section 6. § 2. Cosmic superconducting strings SCSs models carry bosonic or fermionic currents. In this paper we consider only the bosonic currents produced by superconducting strings; the study of fermionic currents is similar [5, 6] . The action reads
where
This is a double complex scalar model with U (1) ⊗ U (1) symmetry, φ and σ being the two complex scalar fields. Their covariant derivatives are, respectively, D µ = ∂ µ − igA µ with coupling constant g and U (1) gauge potential A µ , and D µ = ∂ µ − ieχ µ with coupling e and potential χ µ . The pairs (η φ , λ φ ) and (η σ , λ σ ) indicate the zeroes of the φ and σ fields, respectively, and β represents their mutual coupling. This model is able to provide a source for dark energy quintom [17, 18] .
Let the φ-related U (1) symmetry break in the ground state, and the σ-related symmetry remain to serve as an electromagnetic field. The charge condensation on the cores of cosmic strings depends on the fine-tuning of the Higgs sector; the current in a core is less than the critical level to keep the stability of the current-carrying of strings. SCSs are oriented strings with the electromagnetical currents most confined in them [5, 6] . Locally, an SCS acts as a cylinder of width m −1 φ formed by the φ symmetrybreaking; globally, it is very thin when observed from far away. In this paper we study SCSs as oriented topological line defects.
The action (1) leads to an equation of motion (EOM) for φ. Given a boundary condition, the φ field can be solved out whose distribution indicates the existence of topological defects on the manifold. See a note on this treatment in the end of this section.
To extract the information of the topological defects from the φ distribution, let φ induce a covariant derivative D ind µ through a parallel field condition,
Here α A is a coupling constant, and the superscript ind means induced. That is, D ind is a geometric covariant derivative different from the physical D µ andD µ .
A ind µ is correspondingly an induced gauge potential; it is the connection on the principal bundle and therefore carries the topological information of the defects. A ind µ can be expressed by φ through (3):
Eq.(4) takes the same form as the velocity field in quantum mechanics, hence it reproduces the so-called London assumption of superconductivity [19] . From A ind µ the induced gauge field strength can be defined:
A ind µ and F ind µν are to be used in the next section to construct the topological Hopf mapping degree to measure entanglements between knotted cosmic strings.
φ is a complex scalar field, φ = φ 1 + iφ 2 , with φ 1 , φ 2 ∈ R. A two-dimensional unit vector n a can be defined from φ 1,2 :
In terms of n a the potential and the field strength are given by
Introducing a topological tensor current
one can prove [31] that j µν can be expressed by a δ-function,
where the Jacobian
In the deduction of (9) two formulae apply:
In terms of the current j µν a geometric action is defined,
U 4 denoting the base manifold as a Riemann-Cartan space-time. g is the determinant of the metric on U 4 . It will be shown shortly that S is actually a Nambu-Goto action [20] . Substituting (9) into (11) we obtain an important form for the Lagrangian:
Noticing the evaluation of the δ-function
which implies that the desired topological non-triviality occurs only at the zeroes of the φ field, we need to solve the following zero-point equations to locate the topological defects:
According to the implicit function theorem, under a so-called regular condition D µν φ x = 0, the coupled equations in (14) have a family of N isolated solutions,
Each P k , serving as a two-dimensional singular submanifold, is a world-sheet swept by a one-dimensional line defect. u 1 , u 2 act as the intrinsic parameters of P k , i.e., the spatial parameter s and the temporal parameter t, respectively.
The Lagrangian L then reads
where g k = det (g IJ ), g IJ being the intrinsic metric of the submanifold P k u I . The W k is the winding number of the string L k , W k = β k η k , where β k is the Hopf index and η k = ±1 the Brouwer degree. Thus, the action becomes a sum
every S k corresponding to the area of P k . Therefore S k is the Lagrangian of the kth world sheet, and (11) virtually defines a Nambu-Goto action.
The motion of a string L k is investigated via the spatial component of the current j µν ,
As dx i ds gives the velocity of the kth cosmic string,
the string evolution is governed by the following equation of motion:
In the end of this section a remark should be noted on the above theoretical analysis, eqs. (1)- (5). Usually the topological properties of a physical model is investigated by adding an extra term into a Lagrangian:
where L dyn is the physical dynamical term, and L top a Lagrangian of topological invariant, such as a θ-term containing the second Chern class. However, we argue that such a θ-term is assigned to convey only the global topological information of the original base manifold M itself, without taking into consideration the new generated nontrivial topological defects existing whereon. For example, we can consider a base manifold, torus T 2 , as in Fig.1 . A dynamical equation of motion together with a boundary condition gives rise to a number of topological defects. Consider for instance a base manifold T 2 = S 1 × S 1 , a torus, on which there exist three topological defects. A θ-term is able to express only the topology of T 2 but not the defects; the topological nontriviality of the defects is reflected by the distribution of the φ field as a solution to the equation of motion.
To study these defects we need to appeal to eqs. (1)- (5), to solve out the φ field distribution from the EOM which delivers the topological information of the defects. Then a gauge potential A ind and a field tensor F ind are induced from φ through the parallel field condition, eq. Oriented knot-like topological excitations have been discovered in many areas such as nematic fields, magnetic flux tubes and semi-flexible polymers [23, 24, 25] . Rich numerical simulation has been performed for string-net works of strings [6, 26] . Usually a highly tangled structure is unstable and intends to break up into less knotted sub-structures through a series of reconnection events, in which a topological complexity decreasing procedure is accompanied by energy release [27] . It is crucial to develop a powerful topological approach to detect knottedness of cosmic strings for the purpose of obtaining a better understanding of topology-energy relationship.
Hopf mapping degree for knotted cosmic strings
Our starting point is the topological Hopf mapping degree. In 1997 Faddeev and Niemi suggested a classical action of 3-dimensional Yang-Mills gauge theory to generate stable soliton solutions of finite energy and finite lengths [28] . A soliton is a closed (or compactificated at infinity) string whose tangledness is characterized by a topological charge defined in a spatial volume Ω:
where A ind i and F ind jk are the spatial component of the above A ind µ and F ind µν , respectively. This charge Q is a topological invariant of the Hopf mapping, π 3 (S 2 ) = Z.
This invariant may find applications in wide physical areas including particle physics, superfluidity and so on. From the prospective of fluid mechanics it corresponds to a key topological invariant, helicity: [29] that if the fluid contains a link L composed of N component knots (i.e., vortex filaments), L = {γ k , k =, 1, · · · , N }, then H can be delivered by an algebraic sum of the (self-)linking numbers of the components γ k 's,
where W k is the flux (i.e., topological charge) of the kth filament γ k , SL(γ k ) the self-linking number of γ k , and Lk(γ k , γ l ) the mutual linking number between γ k and γ l . In [30] Bekenstein transplanted this result into the study of intercommutation processes of cosmic strings; a strict verification of (23) in the context of cosmology was given in [31] .
Weakness of the linking number
However, in knot theory (self-)linking numbers are actually a weak tool in characterizing knot topology. For example, as shown in Fig.2 , the self-linking number 0 fails to distinguish a trivial circle and a figure-8 knot. In Fig.3 , the three disjoint circles in (a), the Borromean rings in (b) and the Whitehead links in (c) share the same mutual linking number 0. Therefore, in order to effectively characterize and distinguish topology of cosmic strings we need to develop new and stronger topological invariants. Our starting point is still the Hopf mapping degree Q, because helicity is the most important topological invariant in fluid mechanics, while the Hopf degree Q has essential significance in geometry and topology. Indeed, the Hopf degree Q of (22) can be re-written in the language of exterior differential as
which is exactly an Abelian Chern-Simons action. It is well known that the Chern-Simons topological quantum field theory provides a field theoretical framework for knot theory [32] from which rich knot invariants arise, such as the Jones, Kauffman, HOMFLYPT and other knot polynomials, as well as the Vassiliev finite-type invariants, etc. [33, 34, 35] . Hence the Hopf degree Q is promising in revealing more topological information of cosmic strings other than linking numbers. § 4. The HOMFLYPT polynomial
In this section the HOMFLYPT knot polynomial invariant will be constructed in terms of the Hopf mapping degree Q. Our emphasis will be placed on the fact that the two parameters of HOMFLYPT, z and a (see (57) later), are obtained from the writhes and twists of the cosmic strings, respectively. This agrees to the common knowledge of fluid mechanics that writhing and twisting have equal contributions to helicity [36, 29] .
In the light of (8) and (18), which imply considering zero-width cosmic strings, the Hopf mapping degree of (22) becomes
Since the strings γ k 's form a link L = { γ k | k = 1, · · · , N }, this Q provides a measurement for the entangledness of the strings. In the following, for simplicity, let us rescale the dimensional coefficient α A = 1, and set the topological charge of each string W A = 1. Thus,
For the purpose of revealing deeper essence of the Hopf degree other than linking numbers, we propose to consider the exponential form [37] 
The advantages of this exponential form e Q(L) in comparison to the non-exponential Q (L) are the following:
• Additivity of integration strands and factorization of exponential form:
A link L is able to be divided into the sum of a number of strands S 1 , S 2 , S 3 , · · · in the configuration space, i.e., L = S 1 ⊕ S 2 ⊕ S 3 ⊕ · · · , as shown in Fig.4(a) . The line integral over L is thus additive:
The addition in the power leads to factorization of the exponential, e L = e S 1 e S 2 e S 3 · · · , which provides us a way to construct the formal parameter a in the skein relations of the Kauffman bracket polynomial. The interaction between two strands S i and S j can be described by their correlations, with the dashed red-circled region as the interaction area [38] .
• Interaction between strings described by correlation of strands:
Examining the Taylor-expansion of e Q(L) , we have
Obviously, the first term reproduces Q (L), while the higher terms provide a mechanism to study (self-)interactions of cosmic strings, as shown in Fig.4(b) [38].
Derivation of R-polynomial
Our strategy of proof in this section below is first to construct the so-called Kauffman R-polynomial [39] , and then derive the HOMFLYPT knot polynomial.
The R-polynomial for oriented knots is introduced by L.H. Kauffman [39] :
where a and z are two independent parameters, and ✒ ■ , ❅ ❅ ■ ✒ and ❪✣ are three almost-the-same links which differe only at one crossing site: over-, under-and non-crossings, respectively.
Eqs. (30) to (32) serve as a recurrence program for computing the R-polynomial of a knot/link. (30) is the starting point of recurrence; in the following we will construct the skein relations (32) and (31) subcessively in two subsections, to construct the two independent parameters z and a by analyzing the contributions of writhing and twisting, respectively.
Parameter z arising from writhing contribution
In order to derive (32) , which is concerned about oriented knots, let us turn to un-oriented knots/links first; after achieving for the un-oriented the Kauffman bracket polynomial, we will come back to the oriented. Moreover, let us introduce two important writhing loop notations for convenient use in later text:
In order to find the relationship between crossings and non-crossings, we need to perform a tehnique named "adding/subtracting imaginary local paths". Without loss of generality, let us consider for example the L + , :
• If is endowed with proper orientations to form an over-crossing ✒ ■ , it can be related to ❪✣ via where the colored strands are imaginarily added local paths which cancel each other.
• If endowed with orientations the other way, to form an under-crossing ✒ | , it can be related to 
Thus, if using a so-called ergodic statistical hypothesis -the two splittings of Figure 6 play an equal role in the expansion of L + -we have
Similarly, L − has a decomposition
Now we are at the stage of going back to the oriented case. Endowing L ± in (39) and (40) with orientations, we have
⑥❃ ❂⑦ is an inconsistent term and can be safely cancelled by combining (41) and (42):
(43) immediately leads to the desired third skein relation of the R-polynomial, (32) . Indeed, in terms of the standard position of [40] , the R-polynomial of a knot diagram L is readily obtained from the bracket polynomial through compensating a writhe of
Applying (44) to non-crossing, over-crossing and under-crossing states, we have
then (43) is at once rewritten as
Defining k = α 2 and z = k − k −1 , (48) steadily presents the third skein relation of the R-polynomial,
,
We stress here that the parameter α and consequently the z arise from the writhing, α = e γ+ and z = e 2 γ + − e 2 γ − .
Parameter a arising from twist contribution
The second skein relation of the R-polynomial, (31) , is abel to be derived from the computation of twist contribution. The intrinsic twist of a strand of a cosmic string is shown in Figure 7 . In the context of physical knots, the Dehn surgery is considered as an idealized technique to treat insertion/deletion of intrinsic twists of knots [41] , where twisting operation is found to contribute an independent twist helicity [42] . In our present study of cosmic strings, towards (31) which describes the difference between R ✻ and R ( ✻), we need to consider ✻ as a twisted ribbon as shown in Figure   8 . As happened in fluid mechanics, the twisted ribbon is identical to the sum of an untwisted ribbon, a trivial annulus and a positive twisting operation, which is mathematically expressed as
where exp ✐ = 1 by definition. Noticing exp positive twisting operation corresponds to a Dehn surgery that leads to an independent twist-contribution to the Hopf degree Q (L), we need to introduce a new, independent parameter as a = exp positive twisting operation .
Thus, in the language of R-polynomials, we arrive at
where 
The two formulae in (51) steadily present the second skein relation of the R-polynomial, (31) . We stress that the parameter a stems from the twisting operation, totally independent from the above writhing parameter z.
Derivation of the HOMFLYPT polynomial from the R-polynomial
The R-polynomial obtained above is regular-isotopic, i.e., sensitive to a type-I Reidemeister move, demonstrated by the second skein relation (31) . In contrast, the desired HOMFLYPT polynomial by definition should be ambient-isotopic, i.e., insensitive to a type-I Reidermester move,
Thus, in the standard position below to derive the HOMFLYPT polynomial from the R-polynomial [40] , a compensation factor should be introduced:
where a −w is a compensation factor:
Then, P (L) becomes the desired polynomial satisfying the following skein relations of HOMFLYPT:
where the two parameters z and a are independent parameters arising from the contributions of writhing and twisting of cosmic strings, respectively. § 5. Degeneration of HOMFLYPT to the Jones and Alexander-Conway polynomials
Derivation of the Jones polynomial
The HOMFLYPT polynomial is a generalized version of the Jones polynomial, which degenerates to the Jones when
The skein relations of the Jones polynomial read
It can be verified that V (L) is an ambient-isotopic invariant, i.e., insensitive to a type-I Reidermester move,
The evaluation (58) implies z and a are no longer independent parameters but satisfy a special relationship:
Hence the Jones polynomial is a single-parameter polynomial.
As a knot topological invariant, the HOMFLYPT polynomial is stronger than the Jones in the power of distinguishing knots and links. For example, the Jones polynomial fails to distinguish the two knots 10-022 and 10-035 in Figure 9 , but the HOMFLYPT does. 
Derivation of the Alexander-Conwey polynomial
If evaluating the parameters z and a in another way:
the HOMFLYPT polynomial degenerates to the so-called Alexander-Conway polynomial, which satisfies the following skein relations
The Alexander-Conway is weaker than the Jones polynomial in distinguishing knots and links. § 6. Examples
The HOMFLYPT and Jones polynomials of some typical knots and links are listed as follows. In this paper closed superconducting cosmic strings (SCSs) are studied as oriented knotted line defects. Our emphasis is placed on the Hopf topological mapping degree of the strings. This invariant is an Abelian Chern-Simons type action, from which the HOMFLYPT knot polynomial has been constructed. We show that the two independent parameters of HOMFLYPT, z and a, correspond to the writhing and twisting contributions, respectively. This new method is topologically stronger than the traditional (self-) linking number method which fails to detect essential topology of knots sometimes, opening a new door to the study of physical reconnections of SCSs as a complex system. Finally, the degenerations of the HOMFLYPT to the Jones and Alexander-Conway polynomials are presented, and the knot polynomials of some typical knot and link configurations are listed for example.
It is remarked that in this paper SCSs are studied as classical mathematical curves with zero-width. In practice, the thickness of a real SCS should be taken into consideration, especially in the study of string intercommunications where energy and entropy changes count [43] . § 8. Acknowledgements
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